f (R) theory is a modification of Einstein general relativity which has many interesting results in cosmology and astrophysics. To derive solutions for black holes solution in this theory is difficult due to the fact that it is fourth order differential equations. In this study, we use the quadratic form of f (R) = R + βR 2 − 2Λ, where β is a dimensional parameter and Λ is the cosmological constant, to find the solutions of new 4-dimension spherically symmetric non-charged and charged NUT and Taub-NUT black holes. An interesting property for these black holes is the fact that NUT spacetime has a non-vanishing value of the magnetic field, while Taub-NUT one does magnetic and electric fields. We calculate the energy conditions of the charged black holes and show that all of them are satisfied for the Taub-NUT spacetime. Finally, we study some thermodynamic quantities such as entropy, temperature, specific heat and Gibbs free energy. The calculations of heat capacity and free energy show that the charged NUT and Taub NUT black holes have local stability.
I. INTRODUCTION
The Hilbert-Einstein Lagrangian which involves higher order corrections of Ricci scalar has been used a long time ago as a result of the quantum correction to the gravitational field of the matter source [1] . Due to this feature, it was thought that such terms are successful to describe the early epoch of the growth of our universe. The successful model which describes this period is the Starobinsky one which explains the inflation epoch successfully [2] .
Recently, observations confirm that our universe suffers from acceleration. Since that, the correspondence between the accelerated epoch and the inflationary mechanism help scientists to assume that dark energy may have a geometric origin [3] [4] [5] . Later, scientists discovered that the terms which are related to the quantum higher order corrections are responsible for the accelerating expansion rate of our universe at large structures. This phenomenon has been investigated at the fourth order of f (R) [6] [7] [8] [9] [10] [11] [12] [13] (for more references on modified gravity theories as well as dark energy problem, see, e.g., [14, 15] ).
The mechanism which determines the difference between f (R) gravitational theories and the Einstein general relativity (GR), that is ensured to be detected at the scales of astrophysics and strong gravitational field, is to derive black holes that are different from those of GR (vacuum or electro-vacuum) [16] [17] [18] [19] [20] [21] . There are many applications carried out on f (R), among them are: The one-loop effective action of f (R) theories on the de-Sitter background that has been explained in [22] . One of the most interesting phenomena which can occur in charged black hole solutions is the anti-evaporation process which explains the primordial black hole. In order that the anti-evaporation may occur in the Einstein theory, one needs to involve the quantum correction terms from the matter field. Anti-evaporation could occur at the classical level on modified gravity theories like f (R) gravity [23, 24] . A subject to acquire solutions for static spherically symmetric black holes in f (R) gravity has been addressed in [25] . In f (R) gravity, solutions for spherically symmetric black holes have been obtained by assuming that the scalar curvature is constant [26] [27] [28] . Also, spherically symmetric non-charged and charged black hole solutions have been discussed with no constraints on the scalar curvature and the Ricci tensor in [29] [30] [31] . One of the merits of f (R) theory is the fact that it is able to investigate the epoch from inflation to the accelerated expansion [32] . Moreover, f (R) theory has been tested using many cosmological and astrophysical applications [33, 34] as well as many local tests to constrain it [35] - [38] . It has been shown that the successful modified gravitational theory is the one that could describe the evolution of our universe, from the big bang to the present time, and to be consistent with the astrophysical prediction given by GR [39, 40] .
To find analytic solutions in f (R) gravity is a significant and challenging problem. The reason is that the gravitational field equations for f (R) gravity are of the fourth order and therefore the non-linear terms become too complicated. In spite of this, many great successful efforts have been achieved. Here, we give a brief summary of these successful efforts: Through the method with the Lagrange multiplier, in f (R) gravity, a Lagrangian for the gravitational field equations has been derived in spherically symmetric spacetimes [41] . The Friedmann universe filled with a perfect fluid has been investigated for f (R) = R 1+γ with γ a constant [42] . This study has demonstrated that the derivatives in the gravitational field equations are at most the first order and it has obtained novel analytic solutions [41] . In addition, static interior solutions for spherically symmetric spacetime have been found in [43] . With the Noether symmetries, the solutions for static spherically symmetric black holes have been analyzed [44] . It has been pointed out that if the universe is filled with a barotropic fluid, the expression of f (R) cannot be determined by the time evolution of the scale factor [45] . With the Weyl's canonical coordinates, the static solutions for axially symmetric black holes in vacuum have been acquired [46] . Furthermore, d-dimensional static spherically symmetric black holes have been obtained using the generator method [47] . For more references on the static spherically symmetric black holes, we refer to [48] - [75] and references therein. However, till now, in f (R) gravity, there is no study on the solutions for NUT or Taub-NUT black holes. Therefore, the main purpose of this work is to use the non-charged and charged gravitational field equations for f (R) gravity theory with its quadratic form in NUT and Taub-NUT spacetimes and find the new solutions of black holes.
The organization of the work is the following. In Sec. II, the ABC of f (R) gravity is presented. The gravitational field equations for f (R) gravity with its quadratic form are applied to the NUT spacetime and derived their non-linear differential equations. We solve this system of differential equations and derive an exact solution. In Sec. III, the charged gravitational field equations in f (R) gravity is given and applied to the NUT spacetime considered in Sec. II. We also solve the charged field equations analytically and derive exact solutions. Moreover, the non-charged and charged gravitational field equations is used to the spacetime describing Taub-NUT one and we solve the resulting systems of differential equations in an exact way. In Sec. IV, the relevant physics for the solutions of black holes derived in Secs. II and III are analyzed by calculating their singularities and energy conditions. In Sec. V, we investigate thermodynamics in terms of the solutions of black holes derived in Secs. II and III and demonstrate that locally, the solution of charged black holes is stable. In the final section, we discuss the results of the present study.
II. ABC OF f (R) GRAVITY
The Lagrangian of f (R) gravity has the form
where κ = 8Gπ is the Einstein gravitational constant and G is the Newtonian gravitational constant. In Eq. (1), R is the Ricci scalar, g is the determinant for the metric tensor g µν and f (R) is a function which is analytic and differentiable. The variations of the Lagrangian (1) in terms of g µν lead to the gravitational field equations in vacuum [22, 76] 
where R µν is the Ricci tensor. The operator ✷ is the D'Alembertian operator that is defined as ✷ = ∇ α ∇ α where ∇ α W β is the covariant derivatives of the vector
dR . The trace of equation (2) leads to:
The solution of Eq. (3) for constant Ricci scalar has the form
In the following subsection, with Eq. (4), the gravitational field equation (2) is used to NUT spacetime.
A. Analytic solution in quadratic form of f (R)
In this subsection, we consider the following NUT spacetime
with N(r), N 1 (r) and k(r) arbitrary functions in terms of r and χ is a parameter. For χ = 0 and k(r) = r 2 , the spherically symmetric spacetime is recovered [29] [30] [31] . Applying the field equations (2) when f (R) = R + βR 2 − 2Λ 1 to the spacetime (5) with Eq. (4), we obtain
where ℵ = (1 − 16βΛ). Equation (6) shows that if ℵ = 0 then the above differential equations are satisfied. When ℵ 0, then Eq. (6) has the following solution:
with c 1 and c 2 constants. The spacetime of the metric with the solution (7) is expressed as
where ̺ = r 2 + χ 2 . Equation (8) shows that solution (7) behaves asymptotically as Ads/dS and explains that parameter χ characterizes the NUT spacetime and when it equal zero we return to Rissner-Nordström AdS/dS spacetime. It is of interest to mention here that the source of the charge comes from the higher order curvature term, R 2 [31] . The metric (8) has two positive real roots: one represents the event horizon and the other does the cosmological one.
We examine the properties of solution (7) by calculating the invariants of curvature that take the form
where R µνλρ R µνλρ is the Kretschmann invariant, R µν R µν is the square of the Ricci tensor, and F(r) is a lengthy polynomial function. It is seen from Eq. (9) that no singularity exists at r = 0 because the parameter χ characterizing the NUT spacetime appears. When this parameter equal zero, the Rissner-Nordström AdS/dS spacetime is recovered and a true singularity is obtained at r = 0, as is shown by Eq. (9).
III. CHARGED NUT BLACK HOLE SOLUTION
The Lagrangian of f (R) gravity with a coupling between geometry and matter takes the form
with L g being the Lagrangian of the gravitation that is given by Eq. (1). The Lagrangian of matter is given by
where F = dA with A = A µ dx µ the 1-form of the gauge potential [19] . The variations of the action (11) in terms of g µν and the strength tensor F give the field equation in the Maxwell-f (R) gravity [22, 76] 
with T µν the energy-momentum tensor for the Maxwell field, defined as
The trace of the field equations (12) gives Eq. (3). Applying the field Eq. (12) when to the spacetime (5) using Eq. (4) we get
with q(r) and h(θ) the electric and magnetic charges for the gauge potential 1-form, respectively, given by
where
dr . The second equation of (14) shows that the value of the electric charge is constant. The solutions for Eq. (14) read
Solution (16) cannot return to the non-charged case unlike GR. This is due to the appearance of the dimensional parameter β.
The metric spacetime of solution (16) takes the form
From Eq. (17), we can see that solution (16) behaves asymptotically as AdS/dS and informs us that it is a new solution that depends on the dimension parameter β that must satisfies
.
When the dimensional parameter β = 1 16Λ then the solution of the resulting differential equations has constant electric and magnetic fields and the unknown functions k, N and N 1 take the form
where Λ e f f = 24βC 3 and C i , i = 1 · · · 3 are constants. For χ = 0, solution (18) leads to
Equation (19) means that there exists the solution of black holes whose charge mainly comes from the effect of the higher order curvature [31] . We explore the properties for solution (16) and its singularity. By analyzing the curvature invariants for solution (16), we have
where F 1 (r) and F 2 (r) are two polynomial functions. Equation (20) informs us of the fact that singularity does not exist at r = 0 because the parameter χ appears. We now use the second spacetime which represents the Taub-NUT geometry.
A. Taub-NUT spacetime
Taub-NUT spacetime is described as
where s(r), k(r) and N 1 (r) are arbitrary functions. By substituting Eq. (2) into Eq. (21), we acquire
where we have used Eq. (4). The solutions for Eq. (22) become
It is of interest to note that when the constant c 7 = 1 the function s 1 (r) = 1 and the functions s(r) and N 1 (r) will be identical. The metric of solution (23) takes the form
Equation (24) shows that solution (23) behaves asymptotically as AdS/dS. Calculating all the invariants of solution (23) we get
with F 3 (r) being a lengthy polynomial function. Equation (25) shows that a true singularity exists when χ = r.
B. Charged solution for Taub-NUT spacetime
By combining Eq. (12) with the spacetime (21), we get
where Eq. (4) is used and we assume the vector potential to have the form
We find the solution
where 
The invariants of solution (28) take the form
where F 4 (r) and F 5 (r) are two polynomial functions. It is understood from Eq. (30) that a singularity exists at χ = r or at ℵ = 0.
IV. PROPERTIES OF THE SOLUTIONS FOR BLACK HOLES
We investigate the black hole solution (8) with the metric spacetime
where we have put c 1 = −2m and c 2 = 1/3. Equation (31) represents a NUT spacetime in the non-charged case which behaves asymptotically as AdS/dS. Taking the limit χ → 0 we get the well know Schwarzschild AdS/dS non-charged black holes [29] [30] [31] . However, the roots for ∆(r) = ̺(2Λ̺ 2 + 3) − 6m = 0, which are real and positive, lead to the horizons for (31) [77] . In (31), ∆(r) = 0 has two roots, which are real and positive: the first represents the event (inner) horizon of black holes, r h , while the second does a cosmological (outer) one, r c .
Second, for the NUT charged case, the spacetime metric takes the form
where we have taken c 3 = −2m, c 4 = 1/3 and c 5 = q. Clearly, we can see from Eq. (32) that the metric for charged black holes in the NUT spacetime is not equivalent to that for the Reissner-Nordström black holes. Such a difference comes from the fact that there exist the dimension parameter β as well as the NUT parameter χ. However, in the limiting case when χ → 0 and β → 0, Eq. (32) reduces to the spacetime of the Reissner-Nordström black holes [78] . The number of the horizons for (32) are the roots of
2 )] − 6m̺ = 0 which are positive. For the Taub-NUT non-charged case the metric (24) can be rewritten as
where we have put c 7 = 1 and c 8 = −2m. The reason for choosing the constant c 7 to be equal one is to reproduce a flat spacetime when χ = 0 and Λ = 0. Equation (33) shows clearly that the metric of the Taub-NUT case is different from the NUT spacetime of Eq. (31) and can not reduce to it. This difference is due to the existence of χ 2 and χ 4 in the spacetime (33) . However, in the limiting case when χ → 0 Eq. (33) reduces to Schwarzschild AdS/dS spacetime [78] . As usual, the number of the horizons of for (33) are the roots of
4 Λ − 6mr = 0 which are positive. Finally, for the charged Taub-NUT the metric (29) can be rewritten as
where we have used c 9 = 1, c 10 = q/2, c 11 = q 1 , c 12 = q/2 and c 13 = −2m to ensure a flat spacetime when χ → 0, β → 0 and Λ → 0. Equation (34) shows clearly that the metric of the charged Taub-NUT case is different from the charged NUT spacetime of Eq. (32) and can not reduce to it. This difference is due to the existence of q 1 in the spacetime (34) . However, in the limiting case χ → 0 and β → 0, Eq. (34) reduces to Reissner-Nordström AdS/dS spacetime [78] . The most interesting thing is the fact that the charge q 1 is accompanied with the dimension parameter χ. So, if χ = 0 then the charge q 1 will disappear however, the inverse is not correct, i.e., when q 1 → 0 then χ will not disappear. As usual the number of horizons of the spacetime (33) are the positive roots of ∆(r) = 0 where
. We consider the energy conditions that have the following constrains [29] :
where T 0 0 = ρ is the density, T 1 1 = p r is the radial pressure, and T 2 2 = T 3 3 = p t is the tangential pressure. Straightforward calculations of charged Taub-NUT black hole solution (28) gives
Hence, all of the energy conditions are satisfied provided that1 >
. We have shown that the charged Taub-NUT black hole configuration may fulfil the energy conditions. However, the charged black holes in NUT spacetime do not satisfy all the above energy conditions.
V. THERMODYNAMICS OF THE DERIVED BLACK HOLES
To study different thermodynamical properties [79, 80, [82] [83] [84] of the black hole solutions Eqs. (7), (16), (23) and (28), we start by obtaining roots for N(r) = 0 as well as s(r) = 0. These horizons can be seen in Figs. 1(a), 1(b) 1(c) and 1(d) .
The Bekenstein-Hawking entropy is represented as
where A is the area for the event horizon. Whether thermodynamics for black holes is stable or not is determined by the sign for the heat capacity C h .
We examine the stability of the black hole thermodynamics for Eqs. (7), (16), (23) and (28), by exploring C h , defined as [85, 86] 
If C h > 0, thermodynamics for black holes is stable. On the other hand, for C h < 0, it is unstable. To understand this, we assume that at some point and due to thermal fluctuations, the black hole absorbs more radiation than it emits which makes the heat capacity positive. On the contrary, when the black hole emits more radiation than it absorbs, the heat capacity becomes negative. Thus, the black holes with negative heat capacities are thermally unstable. In order to evaluate Eq. (38) we must calculate the black hole mass within the inner horizon r h . We set N(r h ) = 0, for NUT and charged NUT spacetimes, and s(r h ) = 0 , for Taub-NUT and charged Taub-NUT spacetimes, then we get
where ̺ h = r h 2 + χ 2 . We plot the black hole mass within the radius of the horizon r h in Fig. 2 . The black hole size varies between the inner r h and cosmological r c horizons [87, 88] .
The black hole Hawking temperature is acquired by the request that there is no singularity at the Euclidean horizon. While, the temperature at the event horizon r = r h is given by [89] T = κ 2π , where κ is the surface gravity, represented as
The Hawking temperatures for (7), (16), (23) and (28) are expressed as
where T h is the Hawking temperature for the cosmological horizon. We plot the temperatures T h in Fig. 3 . We show that r min at which T h vanishes for the NUT case, but that the ultra-cold black holes are considered for r h < r min . With the effect of gravity for thermal radiation, in a very-high temperature T max , thermal radiation becomes unstable, so that it could collapse to black holes [90] . As a result, only for T < T max , the solution for the pure AdS is stable. Above T max , black holes with those very heavy masses could be stable [90] . We calculate the heat capacity, after substituting Eqs. (39) and (41) into Eq. (38) and get (7), (16), (23) and (28). (7), (16), (23) and (28).
To have information directly from Eq. (42) is not easy, so we plot them in Fig. 4 for particular values of the parameters of black holes. For the non-charged case, NUT and Taub-NUT, the heat capacity is negative when r h < r min at which the temperature has a vanishing value. For the case r h > r min , not only temperature but also heat capacity become positive, so that the solution can locally be stable. The same conclusion is valid for the charged NUT and Taub-NUT black holes. Note that all the above heat capacity are characterized by a second-order phase transition [91, 92] as C h diverges at some critical value r h < r min . In conclusion, Eq. (39) shows that ∂m h /∂r h > 0, while the sign for the heat capacity is equal to that for ∂T /∂r h . Consequently, we find that C h < 0 when r h < r min and C h > 0 when r h > r min . In this sense, there are two possible black hole solutions for a given temperature T > T (r min ), but only the bigger one is thermally stable. The free energy in grand canonical ensemble also called The Gibbs free energy is (7), (16), (23) and (28). (7), (16), (23) and (28).
Here, M(r h ) is the black hole mass, T (r h ) is the temperature for the event horizon, and S (r h ) is entropy for it. Using Eqs. (37), (39) and (41) in (43) we get
If χ → 0, the Gibb's free energy in the NUT black holes becomes equal to that in [93] . The Gibb's energy for black holes are depicted in Figs. 5(a), 5(b) 5(c) and 5(d). As 5(d) shows that the Gibb's energy is always positive which means that it is more globally stable than the other three spacetimes.
VI. SUMMARY AND DISCUSSION
In this study, we have addressed the NUT and Taub-NUT spacetimes in f (R) gravitational theory. We describe the gravitational field equations for f (R) = R − Λ + βR 2 and apply them to two different spacetimes, NUT and Taub-NUT, using the fact that the solution of the trace of the gravitational field equations for f (R) gravity gives a constant Ricci scalar, R = −8Λ. We have solved the resulting differential equations exactly and show that the solutions of the NUT and Taub-NUT spacetimes did not depend on the dimensional parameter β.
We have repeated the same calculations to the charged field equations of f (R) = R − Λ + βR 2 and used the gravitational field equations for the same two spacetimes. We have solved the resulting differential equations analytically and show that the output solutions depend on the dimensional parameter β and must satisfy the constraint β 1 16Λ . We also study if β = 1 16Λ and have derived the corresponding solutions. These solutions have constant electric and magnetic fields. In spite of this fact, the metric spacetime of these solutions have a term behave as 1 r 2 which is responsible for the electric or magnetic field. In fact, this charge term comes from the higher order curvature contribution of f (R) gravitational theory.
The physical quantities of these black hole solutions are studies. Among different things, we have studied the singularities and show that all the black hole solutions have no singularity at r = 0 because of the NUT parameter. If this parameter equals zero we got a true singularity at r = 0. Also, we have studied the horizons and show that there are two horizons corresponding to the event, r h , and cosmological, r c , horizons. We have shown these horizons in Fig 1 for the charged and the non-charged cases. Furthermore, thermodynamics for black holes has been explored and the thermal phase transition based on the discontinuous sign changing of the specific heat has been investigated. We have calculated the mass in terms of the horizons and have shown the behavior of these quantities in Fig 2. Also, we have calculated the temperature in terms of the horizons and indicate their behavior in Fig 3. Moreover, we have calculated the heat capacity of each black hole solution and have shown their behavior as given in Fig 4. We have shown that the solution of NUT spacetime is unstable in the region r < r h and then has a phase transition at r = r h then has a stable value at r > r h as Fig 4(a) shows. Same discussions can be applied for the others three black hole solutions, charged NUT, Taub-NUT and charged Taub-NUT, as Fig 4(b),(c),(d) show. In addition, the free energy for these solutions has been analyzed and the pattern of those has depicted in Fig. 5 . It has been found from 5(d) that the charged Taub-NUT solution always has local stability [95] .
It is of interest to note that Lü et al. [94] have derived numerical spherically symmetric solution in higher order derivative gravity using the action
with α, β and γ constants and C µνρβ the Weyl tensor 2 . It is of interest to note that if α = 1 and γ = 0 the field equations resulting from Lü et al. [94] will be identical with the one studied here in the non-charged case. So, is it possible to derive a NUT or Taub-NUT solution in higher order derivative gravity? This will be answered elsewhere.
The non-zero components of the Riemann tensor for the spacetime (5) are:
The non-zero components of the Riemann tensor for spacetime (5) have the following form:
2Nk ,
Appendix B
2 In this numerical spherically symmetric solution, γ-term is significant in deriving solutions.
The non-vanishing components of the Livi-Civita connection of spacetime (21) 
The non-zero components of the Riemann tensor for (21) 
